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Abstract  Three-dimensional trees (3D-trees), which
are defined as a 3D version of trees, are enumerated
by Fujita’s proligand method formulated in Part 1 to
Part 3 of this series (Fujita in Theor Chem Acc 113:73-
79, 113:80-86, 2005; 115:37-53, 2006). Such 3D-trees
are classified into centroidal and bicentroidal 3D-trees,
which correspond to respective promolecules having
proligands as substituents. In order to enumerate such
centroidal and bicentroidal 3D-trees, cycle indices with
chirality fittingness (CI-CFs) are formulated as being
composed of three kinds of sphericity indices, i.e., a; for
homospheric cycles, ¢, for enantiospheric cycles, and by
for hemispheric cycles. The CI-CFs are capable of giv-
ing itemized results with respect to chiral and achiral
3D-trees so that they are applied to derive functional
equations (a(x), ¢(x?), and b(x) ). The generating func-
tions of planted 3D-trees, which are formulated and cal-
culated elsewhere, are introduced into such functional
equations. Thereby, the numbers of 3D-trees or equiv-
alently those of alkanes as stereoisomers are calculated
and collected up to a carbon content of 20 in a tabu-
lar form. Now, the enumeration problem initiated by a
mathematician Cayley (Philos Mag 47(4):444-446,1874)
has been solved in such a systematic and integrated
manner as satisfying both mathematical and chemical
requirements.

Keywords 3D-tree - Alkane - Promolecule - Cycle
index - Sphericity index - Stereoisomer enumeration

S. Fujita ()

Department of Chemistry and Materials Technology,
Kyoto Institute of Technology, Matsugasaki, Sakyoku,
Kyoto 606-8585, Japan

e-mail: fajitas@chem kit.ac.jp

1 Introduction

The enumeration of trees or alkanes as their chemical
counterparts has been one of the classical problems of
chemical combinatorics [1-8], since it was initiated by
a mathematician Cayley [9,10]. Henze and Blair [11]
obtained the number of alkane of a given carbon con-
tent where the alkane were regarded as graphs, not as
three-dimensional objects (3D-objects). Pdlya [12,13]
applied his main theorem (Hauptsatz) to the evaluation
of the number of trees as graphs by using alternating
groups and symmetric groups. Although the alternating
group of degree 3 (or 4) was able to count spatial iso-
mers in terms of Pdlya’s treatment, it did not distinguish
between achiral stereoisomers and two enantiomers of
chiral ones. Moreover, the symmetric group of degree
3 (or 4) was not applicable to count spatial isomers,
because it was incapable of determining such stereo-
chemical relationships as enantiomeric and diastereo-
meric ones. Even when Pélya’s theorem took account
of asymmetric carbon centers (cf. Sect.42 of [12,13]),
it overlooked problems on pseudoasymmetry and
meso-compounds, which required comprehensive
understanding on the enantiomeric and diastereomeric
relationships. Although Robinson et al. [14] has reported
the enumeration of alkanes as stereoisomers by modify-
ing Polya’s cycle indices (Cls), it is still desirable to de-
velop a more systematic method for comprehending the
problems on pseudoasymmetry and meso-compounds.
The enumeration of alkanes as stereoisomers requires
thorough consideration on 3D configurations, where
such stereoisomers are regarded as the 3D-objects hav-
ing inner structure. For this purpose, we have devel-
oped the unit-subduced-cycle-index (USCI) approach
by means of an algebraic derivation [15-18] as well
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as by means of a diagrammatical formulation [19-21].
Fujita’s USCI approach has emphasized the concept of
sphericities of orbits governed by coset representations
as well as the concepts of proligands and promolecules
[22-24]. According to these concepts, we have proposed
the proligand method for enumerating stereoisomers in
Parts 1 to 3 of this series [25-27]. To accomplish the
enumeration of alkanes, the concepts brought about by
Fujita’s USCI approach and the proligand method
should be extended to be able to determine the nested
nature appearing in the structures of alkanes.

In the present paper, the 3D-trees will be formulated
by using the concepts of proligands and promolecules,
which are also used to model stereoisomers having rotat-
able ligands. The non-rigid nature of the 3D-trees and
that of the stereoisomers will be explained in the com-
mon theoretical framework. Then, Fujita’s proligand
method will be applied to the enumeration of such 3D-
trees as models of alkanes. Such 3D-trees will be cat-
egorized into centroidal and bicentroidal 3D-trees, the
numbers of which will be evaluated distinctly by using
generating functions.

2 Centroidal and bicentroidal three-dimensional trees

After a tree is defined usually as a graph which has n
vertices and e edges satisfying the relation n = e + 1,
a three-dimensional tree (3D-tree) is defined as a 3D
version of such a tree. A vertex of a given tree has inci-
dent branches, where the total number of vertices in
such branches is equal to n — 1. Let m be the number
of vertices contained in the largest branch among the
branches attaching to the vertex. According to Jordan
[28], trees are classified into two categories, i.e., trees
having a centroid and trees having a bicentroid. Thus,
there emerge two cases:

1. A given tree has an exceptional vertex (M) called
a centroid, which satisfies the relation m < %n. The
tree is called a centroidal tree.

2. A given tree has two adjacent vertices (M; and
M3), each of which satisfies the relation m = %n.
The exceptional graph (M{—M;) composed of the
two adjacent vertices and the relevant edge is called

a bicentroid. The tree is called a bicentroidal tree.

All of the vertices of the tree other than the centroid or
the bicentroid satisfy the relation m > %n. There are no
cases in which a given tree has both a centroid and a bi-
centroid. Obviously, these properties of trees maintain
in 3D trees, because the 3D-trees are regarded as a kind
of trees.
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Fig. 1 Three-dimensional trees with a centroid (1) and with a bi-
centroid (2). Each joint of two or more edges represents a vertex.
Each open circle represents an end vertex. The vertex M is referred
to as a centroid. The vertices M and M, construct a bicentroid

For example, the vertex (M) of 1 shown in Fig. 1 is a
centroid, because the relation m < %n is true when we
place n = 35 (for the alkane C;;H4) and m = 16 (for
the alkyl ligand CsHy). Hence, 1is a centroidal 3D-tree.

On the other hand, the vertices (M; and M) of 2
shown in Fig. 1 construct a bicentroid, because the rela-
tionm = %n is true when we place n = 32 (for the alkane
CioH22) and m = 16 (for the alkyl ligand CsH;1). Hence,
2 is a bicentroidal 3D-tree. Obviously, any bicentroidal
3D-tree can be divided into two segments (branches)
having the same number (/) of vertices, where the divi-
sion occurs at the edge of the centroid in agreement of
the relation m = %n.

3 Promolecules
3.1 Promolecules as models of 3D-trees

In contrast to trees as graphs, the 3D-trees as the 3D-
objects suffer from multiple (or, in fact, infinite) confor-
mational changes due to the free rotation around each
edge, even though an appropriate fixed conformer is
depicted, as shown in Fig. 1. Note that each carbon atom
(non-terminal vertex) is designated by a joint of two or
more bonds; each hydrogen atom (terminal vertex) is
designated by an open circle. In agreement with chem-
ical conventions, the configurations of carbon atoms in
such a fixed conformer are designated by using wedges
and hashed bonds attached to the carbon chain. Because
every conformational change cannot be illustrated even
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Fig. 2 Promolecule (3 and 4) as models of the 3D-trees (1 and 2).
The symbols p and p represent a pair of enantiomeric proligands.
The symbol H represents an achiral proligand. Note that such a
hydrogen atom (H) is also regarded as a proligand

for a single 3D-tree, the test of the congruence between
two 3D-trees is not an easy task.

To assure this type of congruence, the concepts of
proligands and promolecules [15,22] are applied to this
case. The branches selected in the process of determin-
ing a centroid or a bicentroid are regarded as proligands
as follows:

1.  When a given 3D-tree is a centroidal 3D-tree, we
first select the centroid M and the relevant incident
edges so as to construct a skeleton with substitution
positions. When a given 3D-tree is a bicentroidal
3D-tree, the bicentroid (M;-M5) is regarded as a
skeleton with substitution positions.

2. Next, we derive proligands by starting from the
3D-tree. When the part selected as the skeleton
is deleted from the 3D-tree, the remaining part is
partitioned into several branches, each of which is
linked to the vertex chosen as each of the substitu-
tion positions in the selection of the skeleton. These
branches can be regarded as proligands.

3. After the specification of the skeleton and the proli-
gands, they are considered to construct a kind of
promolecule.

By following this procedure, the centroidal 3D-tree
(1) gives a promolecule (3) shown in Fig. 2, where a
skeleton of Tg-symmetry is selected by the first step
of the above procedure. Then, the branches around the
centroid, i.e., two open circles (H), an R-CH(CH3) (CH»
CH;CH3) segment (p), and an S-CH(CH3) (CH,CH,
CH3) segment (p), are regarded as proligands, where H
is an achiral proligand, while p and p are chiral proli-
gands of an enantiomeric pair.

On the other hand, the bicentroidal 3D-tree (2) gives
a promolecule (4) shown in Fig. 2, where the resulting
skeleton belongs to D,4-symmetry.

As a result, Jordan’s criteria for classifying trees into
centroidal and bicentroidal trees are revised by con-
sidering promolecules as models of 3D-trees. The cent-
roidal 3D-trees correspond to centroidal promolecules
which are based on a skeleton belonging to a point group
(e.g., a Ty-skeleton for alkanes). On the other hand,
the bicentroidal 3D-trees correspond to bicentroidal

promolecules based on a two-nodal skeleton belonging
to the Dop-point group. Hence, the enumeration of 3D-
trees is found to be equivalent to that of promolecules
classified into centroidal and bicentroidal ones.

3.2 Enumeration of promolecules
3.2.1 Promolecules for centroidal 3D-trees

Following Fujita’s proligand method reported in Parts
1 to 3 of this series [25-27], Theorem 1 of Part 3 [27] is
applied to the enumeration of promolecules under the
action of a point group. The tetrahedral skeleton con-
tained in the promolecule (3) belongs to T;-symmetry
so that the four substitution positions are governed by
the right coset representation (RCR) (C3,\)T,. The per-
mutations of the RCR are collected as products of cycles
in Table 1, which also contains the corresponding prod-
ucts of sphericity indices (PSIs) and products of dummy
variables (PDVs). Thereby, the cycle index with chirality
fittingness (CI-CF) for this case is calculated from the
PSIs as follows:

1
CI-CE(Ty.$0) = o (b% + 363 + 8b1b3 + 6a%cs + 6c4)
(1)

which counts achiral promolecules and enantiomeric
pairs of chiral promolecules. Note that each pair of
enantiomers is counted just once in this enumeration.

Theorem 3 of [27] for the enumeration of ligands
under the action of the maximum chiral subgroup can
be applied to this case so as to derive the following CI-
CF from the data for the T part of Table 1:

1
CLCF(T, b = 7 (b1 +363 + 8b1b3) @)

which counts achiral promolecules and chiral promole-
cules, where two enantiomers of each pair are counted
separately.

The first proposition of Theorem 4 for the enumera-
tion of achiral ligands [27] can be applied to this case so
as to derive the following CI-CF4:

CI-CF4(Ty4,$4) = 2CI-CF(T4,$4) — CI-CF(T, by)

1
= 5 (ajea +ca), ©)
which counts achiral promolecules only.

The second proposition of Theorem 4 for the enu-

meration of chiral ligands [27] can be applied to obtain
the following CI-CF¢:
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Table 1 Right coset representation (Cs3,\)T; and products of
sphericity indices

T, RCR? PSIP PDV®
1 ~ (IVIEICH] b 5]
G ~ 1234 b3 3
Gop ~  1H2I) b3 53
G~ (1324 b3 s3
Gsqy ~ H234) bybs3 5183
C33) ~ 12403 b1b3 51853
T Go ~  (143)Q) bibs 153
Cs4 ~ 132)4) b1b3 5183
Gy~ (HEe4d) bibs  sis3
Ciw ~ 123)4) bib3 5153
C§(3) ~ 142)3) bib3 5153
C%(Z) ~ 134H©2) b1b3 5183
Td(1) ~ OH2HAE) a%cz s%sz
S4(3) ~ (1234 c4 4
S~ 1432 cs 54
9d(6) ~ a13)2)4) a%cz s%sz
9d(2) ~ O34 a%cz s%sz
Td(4) ~ 12)(3)4) a%cz s%sz
Tog) Sacy ~ 1423) cs 5
So o~ @320 o
9d(3) ~ M2 3 alc )
S~ 028w o
9d(5) ~ 14H2)3) a%Cz s%sz
S42) ~ (1342 ca 54

Each cycle appearing in an improper rotation is designated by an
overbar, which represents the inversion of ligand chirality.

4Each permutation of the right coset representation (Cs,\)T, is
expressed as a product of cycles. The product of cycles is desig-
nated by an overbar, when the corresponding symmetry operation
is an improper one (€ Toy(1))

b PSI Product of sphericity indices
¢PDV Product of dummy variables

CI-CFc(Ty,$4)
= CI-CF(T, b,;) — CI-CF(T, $4)

1
= (b +3b3 + 8b1b3 — 6atc — bcy) ()

which counts chiral promolecules only, where each pair
of enantiomers is counted just once.

Suppose that a set of proligands selected from the
following proligand warehouse:

X ={HXY,Z;p,p:q,qT1,T,s,5}, (5)

where the symbols H, X, Y, and Z represent achiral
proligands, while the pairs, p/p, q/q, and 1/T, denote enan-
tiomeric pairs of chiral proligands. Then, the following
ligand inventories are calculated:
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ag=H? + X4+ Y+ 7¢ (6)
ca=H + X4+ Y44+ 74

T 2pd/213d/2 T qu/zqd/z 1opd/2pd/2 | pgd/2gd)2
™)
by =H'+ X+ Y4274
A+l s 5 (8)

These ligand inventories are introduced to Eqgs. 1-4 to
give generating functions for counting the respective
numbers of objects. Enumeration of such promolecules
itemized with respect to their subsymmetries have been
discussed in a previous report [22] and in Fujita’s book
[15]. For the sake of convenience for further discussions,
the results are cited from Chap. 21 of Fujita’s book [15],
as shown in Fig. 3. Note that each promolecule in Fig. 3
is selected as a representative of promolecules of the
same type. For examples, the promolecule 5 having X*
is a representative of promolecules having X*, Y*, Z*,
H*, and so on. The promolecule (3) corresponds to the
type 15 shown in Fig. 3.

3.2.2 Promolecules for bicentroidal 3D-trees

Promolecules for bicentroidal 3D-trees contain a two-
nodal skeleton of D ;,-symmetry. The two positions of
the skeleton are governed by the right coset representa-
tion (Coop\)Doon- According to the treatment reported
previously [23], we consider the factor group:

K= Dooh/coo = {Cxol,Co 2, Co0v, Cooop) (9)

and its subgroups:

Ki = Cx/Co = {Cxol} (10)
Ky = Do /Coo = {Cool,Coo 2} (11)
K3 = Coy/Coxo = {Cxol,Cxo0v} (12)
K4 = Cop,/Coo = {Cool, Cooop} (13)
Ks = K=Dy;/Cx (14)

Thereby, the right coset representation (Coop\)D oo, can
be replaced by the right coset representation of the fac-
tor group, i.e., (K3\)K. Note that the factor group K
is isomorphic to the point group C, = {I, C3,0y,03},
while the subgroup Ks is isomorphic to the point group
Cs = {I,0,}. This means that the sphericity indices for
the RCR (Cuov\)Doo, having infinite symmetry oper-
ations can be discussed in terms of the RCR (K3\)K
having finite operations.

When we sequentially number the two substitution
positions of the two-nodal skeleton for the bicentroidal
3D-trees, we can obtain the following right coset repre-
sentation:
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Fig. 3 Promolecules for T, | T ‘ Cs, ‘ C | S,
centroidal 3D-trees, which are
derived from a tetrahedral X Y X
skeleton of T -symmetry . k }; . k };
[22,15]. The symbols X, Y, Z, X)‘('/ X pd p X4 X Y/ X psd p
and H represent achiral p
proligands, while the symbols S 6 7 8 9
P/P, q/q, 1/q, and s/5 represent Cs
enantiomeric pairs of chiral X _
proligands. Either one f\ {1 T;
selected from a enantiomeric 7 X )\ )\ /
pair of promolecules is X pp P pp P pp P
depicted as a representative 10 11 12 13
C, | G
L X X X X
X4~2Z 7 )\X ﬁ‘)\Y p‘)\Y P /J\X q j;p
X/ p p p p q
| S —
14 15 16 17 18 19
C
X X X X X X
B G G G G S
p Z Z p p
20 21 22 23 24 25
X X X X X X
af kY pd kY p‘)\ﬁ rd kq ﬁ‘)\q p)\q
p q p p p p
| S ——
26 27 28 29 30 31
LA §
qf “r pd Ot a/ p a/ ~p rd p
; P
p q p q q
32 33 34 35 36
Q‘;\ﬁ rd Lﬁ q‘YLﬁ 57 1D\q r-qu
q q r r s
37 38 39 40 41
K3VK={(1)(2),12),1)2),12)}, (15) equivalent to Eq. 16 has been reported previously on the

which permutes the two positions, where each overbar
represents the alternation of the chirality of a proligand
occupying the position. The products of sphericity indi-
ces b% and b, are assigned to the cycles (1 2) and (1)(2),
while a% and c; are assigned to (1)(2) and (1 2). Follow-
ing Theorem 1 of Part 3 [27], the CI-CF for this case is
obtained as follows:

1
CL-CF(K;$q) = 7 (b} + b2+ a} +c2) (16)

where the symbol $, represents a sphericity index, ay, by,
or ¢y, according to the respective sphericity. An equation

basis of Fujita’s USCI approach [23].

Theorem 3 of [27] for the enumeration of ligands
under the action of the maximum chiral subgroup can
be applied to this case so as to derive the following CI-
CF:

1
CI-CF(K2; ba) = 5 (6% +b2). (17)

which counts achiral promolecules and chiral promole-
cules, where two enantiomers of each pair are counted
separately.
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The first proposition of Theorem 4 for the enumera-
tion of achiral ligands [27] can be applied to this case so
as to derive the following CI-CF4:

CI-CF4 (K, $;) = 2CI-CF(K, $;) — CI-CF(K2, b;)

= % (a% + cz) , (18)

which counts achiral promolecules only, where each pair
of enantiomers is counted just once.

The second proposition of Theorem 4 for the enu-
meration of chiral ligands [27] can be applied to obtain
the following CI-CF¢:

CI-CF¢(K,$,;) = CI-CF(K», b,;) — CI-CF(K, $,)

S Gy (19)

which counts chiral promolecules only.
Suppose that a set of proligands selected from the
following proligand warehouse:

X' ={X,Y;p.p:q.q} (20)

In terms of Theorem 1 of Part 3 [27], we use the following
ligand inventories:

ag =X+ Y? (21)
cq = Xd + Yd + 2pd/21—)d/2 + zqd/ZEld/Z (22)
bg=X"+ Y +p+p? +q? +q¢ (23)

These inventories (Egs. 21-23) are introduced into
Eq. 16 and the resulting equation is expanded to give
the following generating function:

F= [X2+Y2] +XY
1 B N a
- 5[(Xp +Xp) + (Xq+ Xq) + (Yp + YD)

2

1
+HYq+ Y] + [0 +7) + (@ + )]

1 o o o
+ 5[(pq +PD + Pq+P]+Ipp+4qql,  (24)

where the coefficient of each term represents the num-
ber of stereoisomers. Note that this enumeration counts
a pair of enantiomers just once. In other words, the num-
ber of achiral promolecules (bicentroidal 3D-trees) plus
pairs of enantiomeric promolecules (bicentroidal 3D-
trees) is obtained by Eq. 24. Hence, the term (1/2)(Xp+
Xp), for example, represents one pair of enantiomers
(Xp and Xp).

The inventories (Egs. 21-23) are introduced into Eq.
17 and the resulting equation is expanded to give the
following generating function:
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Fig. 4 Promolecules for bicentroidal 3D-trees [23]. The promol-
ecules X-X, X-Y, and p-p are achiral. The other promolecules
A-p, p—p, and p—q are chiral, where an appropriate enantiomer is
depicted for each pair of enantiomers

F =[X®+ Y+ XY
+ [Xp + Xp) + (Xq + Xq) + (Yp + Yp)
+(Yq+ Y] + [(0* + 7)) + (" + )]
+ [(pq + PO + (Pq + PQ)] + [PP + qql, (25)

where achiral promolecules plus two enantiomeric pro-
molecules of every pair are counted separately as models
of bicentroidal 3D-trees.

The inventories (Eqs. 21-23) are introduced into Eq.
18 and the resulting equation is expanded to give the
following generating function:

Fa=[X*+Y?]+ XY + [pp + ], (26)

where achiral promolecules are only counted as models
of the corresponding bicentroidal 3D-trees.

Finally, the inventories (Eqs. 21-23) are introduced
into Eq. 19 and the resulting equation is expanded to
give the following generating function:

1 _ _
Fc = z[(Xp +Xp)+ Xq+Xq) +Yp+Yp
1 ~ _
+(Yq+ Y] + 5[0 +7%) + (@ +T)]

1 _ o
+ 5[(pq + P9 + (pq + 9] (27)

where each pair of enantiomeric promolecules is
counted just once as models of the corresponding bi-
centroidal 3D-trees.

Obviously, the results shown in Eqgs. 24-27 satisfy
Fo=2F—-F ,Fc=F —F,and F = F4 + Fc.

The promolecules for bicentroidal 3D-trees are illus-
trated in Fig. 4, where an arbitrary one of enantiomers is
depicted as a representative of this chiral problem (e.g.,
X-p, p—p, and p—q). The results essentially equivalent
to but more detailed than Fig. 4 have been obtained
by employing two methods of Fujita’s USCI approach
[23,29].
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4 Enumeration of 3D-trees

Any 3D-tree (or any promolecule) can be characterized
by the number # of non-terminal nodes (chemically, car-
bon nodes of an alkane) so as to be represented by the
term x". For example, we assign x!' to 1 and x'° to
2. Hereafter, we consider non-terminal nodes (as car-
bon nodes) only, so that the power n of the term x”" is
called carbon content for the sake of convenience. In
this treatment, however, an endpoint (i.e., hydrogen) is
taken into consideration in terms of x’(= 1) to treat ste-
reoisomers properly. Although such hydrogen content
does not appear in the term x", the multiple participa-
tions of the term x” should be explicitly considered in
the process of proving relevant propositions which are
intended to characterize the 3D nature of the 3D-tree.

4.1 Enumeration of centroidal 3D-trees
4.1.1 Formulation

According to this type of expressions, e.g., x" for 3D-
trees of carbon content n, we first discuss the enumer-
ation of centroidal 3D-trees. Let B(x) be a generating
function for enumerating achiral centroidal promole-
cules plus enantiomeric pairs of chiral centroidal pro-
molecules up to carbon content 7, i.e.

B(x) = Z/kak (28)
k=0

Our target is to calculate B, which satisfies the crite-
rion of centroidal 3D-trees. This can be accomplished
by using Theorem 6 of Part 3 [27], where we employ
the CI-CF(Ty, $4) shown in Eq. 1. The SIs a4, ¢4, and by
involved in Eq. 1 are replaced by the terms a(x?), ¢(x%),
and b(xd), respectively, where we emphasize that such
terms as a(x?), c(x9), and b(x9) are calculated as gener-
ating functions before they are substituted for the Sls.
Because Eq. 1 for CI-CF(Ty, $4) ignores the centroid of
the parent promolecule tentatively (cf. 3), the following
functional equation is obtained by multiplying by x.

Bx) = 2x—4(b(x)4 +3b(x2)” + 8b()b (x°)
+ 6a(x)*c(x?) + 6c(x*)). (29)

Note that, in contrast to the cases of planted 3D-trees,
the addition of 1 for the initial (trivial) promolecule is
inessential in this case, because the further recursive use
of Eq. 29 is not intended for centroidal 3D-trees.

The criterion for centroidal 3D-trees means that the
maximum number (m), which is the number of non-

terminal vertices in the largest proligand, is restricted to
satisfy the following condition:

1 1
En—1§m<§n (30)

or equivalently 2m < n < 2m+-2. Hence, the warehouse
of proligands are restricted within the range of carbon
content equal to or less than m as follows:

X, = {1,x, %%, ..., 2™}, (31)

where x* (k=0,1,2,...,m) is presumed to be selected
multiply so as to represent isomeric proligands.

By examining the ligand inventories corresponding to
Egs. 6-8, the respective functions appearing in the right-
hand side of Eq. 29 are found to indicate that a(x) is a
generating function for enumerating achiral proligands
(cf. Eq. 6); c(x) is a generating function for enumer-
ating ordered enantiomeric pairs called “diploids” (cf.
Eq. 7); and b(x) is a generating function for enumerat-
ing achiral proligands and chiral proligands, where two
enantiomers of each pair counted separately (cf. Eq. 6).
Hence, we presume the following generating functions:

a(x) = Zakxk (32)
k=0

c(x) = D yixt (33)
k=0

b(x) =D Brx*, (34)
k=0

where we place g = 1, yop = 1, Bo = 1 for the triv-
ial cases; and o, yk, and By represent the numbers of
proligands at issue. Once the generating functions for
proligands (Eqs. 32-34) are evaluated, they are intro-
duced into Eq. 29 to obtain the target number as the
coefficient B, of the term x" appearing in the resulting
generating function B(x). It should be noted that the B,
is effective only for the value n derived from a given
value m by using Eq. 30.

Let E(x) be a generating function for enumerating
achiral centroidal promolecules plus chiral centroidal
promolecules up to carbon content n, where two enanti-
omers of each pair are counted separately.

E(x) = ZEkxk. (35)
k=0

Then, the target at issue is to obtain En which satisfies
the criterion of centroidal 3D-trees. This can be accom-
plished by using Theorem 6 of Part 3 [27] after an ade-
quate CI-CF is selected for the purpose of calculating
En, i.e., CI-CF(T, by) shown in Eq. 2. Because Eq. 2 for
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CI-CF(T, b,) ignores the centroid of the parent promol-
ecule tentatively (cf. 3), the following functional equa-
tion is obtained by multiplying by x:

E() = = (b00* +36()° + 8b b (xY)). (36)

The same generating functions for proligands as shown
in Eqgs. 32-34 are effective to this case. Once they are
evaluated, they are introduced into Eq. 36 so as to ob-
tain the target number as the coefficient E, of the term
x" appearing in the resulting generating function E®x),
where n satisfies Eq. 30.

Let A(x) be a generating function for enumerating
achiral centroidal promolecules only up to carbon con-
tent n, i.e.,

Ax) = Zﬁkxk. (37)
k=0

Our next target is to calculate A, which satisfies the
criterion of centroidal 3D-trees. This can be accom-
plished by using Theorem 6 of Part 3 [27] after the
selection of the CI-CF to be adopted. Because Eq. 3
for CI-CF4(Ty4, $,) ignores the centroid of the parent
promolecule tentatively (cf. 3), the following functional
equation is obtained by multiplying by x:

X

A@x) = z(a(X)ZC(XZ) + c(x4)). (38)

The same generating functions for proligands as shown
in Eqs. 32-34 are effective to this case. After the evalu-
ation of them, they are introduced into Eq. 38 to obtain
the target number as the coefficient A, appearing on
the term x" of the resulting generating function Ax) (cf.
Eq. 30 for n).

Let C(x) be a generating function for enumerating
chiral centroidal promolecules, where each pair of two
enantiomers is counted just once:

6(x) = Z 6kxk. (39)
k=0

We then calculate 6,1 which satisfies the criterion of cent-
roidal 3D-trees, where we use Theorem 6 of Part 3 [27]
after the selection of the CI-CF to be adopted here.
Because Eq. 1 for CI-CFc(Ty4, $4) ignores the centroid
of the parent promolecule tentatively (cf. 3), the follow-
ing functional equation is obtained by multiplying by
x:
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Clx) = 2x_4 (b(x)4 +3b (xz)2 + 8b(x)b(x3)
- 6a(x)zc(x2) — 6c(x4)). (40)

The same generating functions for proligands as shown
in Eqgs. 32-34 are effective to this case. Once they are
evaluated, they are introduced into Eq. 40 to obtain
the target number as the coefficient C, of the term x"
appearing in the resulting generating function Cx) (cf.
Eq. 30 for n).

4.1.2 Calculation

As shown in the preceding formulation, the same gener-
ating functions for proligands (Egs. 32-34) are effective
to evaluate B(x) (Eq. 29), E(x) (Eq. 36), A(x) (Eq. 38),
and C(x) (Eq. 39) for centroidal 3D-trees. This means
that the enumeration of such centroidal 3D-trees (or alk-
anes) is ascribed to the enumeration of such proligands.
After regarding proligands as planted promolecules, the
enumeration of proligands are conducted on the basis
of Fujita’s proligand method described in Parts 1-3 of
this series [25-27]. Although the enumeration of proli-
gands will be mentioned elsewhere in this series, several
results are shown as follows in order to enumerate the
3D-trees:

ax) =1 +x + X2 +2x° 4 3x*
+5x° + 8x° + 14x7 +23x8
+41x7 + 69x'0 + 122x' + 208x'% 4 370x13

+636x' +1134x15 4 ... (41)
c(x?) =1+ 2% +x* + 228 4+ 568 + 1110 + 2812
+74xM +199x10 4 ... (42)

b(x) =1+ x + x* 4+ 2x° + 5x* + 11x° + 28x° + 74x7
+199x8 + 551x7 + 1553x1°
+4436x 4 12832x!2
+37496x'3 + 110500 + 328092x1 4. -
(43)
where each coefficient represents «y, yk, or B for the
generating function shown in Eqgs. 32-34.
To illustrate the procedure of calculation, let us con-
sider the case of m = 3 for the enumeration of centroidal

3D-trees. Then, the terms up to x> are selected from Egs.
41-43 as follows:

a(x) =1+x+x>+2x° (44)
c(¥?) = 14+ x% +x* 4+ 24 (45)
b(x) =1+ x+ x> +2x° (46)

These generating functions are introduced into the func-
tional equations shown in Eqgs. 29, 36, 38, and 40. The
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resulting equations are expanded to give the following
generating functions:

E(x) = x + x4+ 2x0° + dx* + 50 + 6x°

+9x7 4 8x5 - (47)
/E(x) = x4+ X2 4+2° +4x* + 58 +6x°

+11x7 + 948 (48)
Z(x) = x +x2+2° +4x* + 50 + 6x°

+7xT + 78 (49)
E’(x) =2 +x5 .- (50)

Among the coefficients in the right-hand sides, those of
the terms x’ and 8 are effective, because the maximum
number m = 3 is available in the cases of n = 7 and
n = 8. Hence, we obtain §7 = 9 and /Bg = § from Eq.
47;E; =11 and Eg = 9 from Bq. 48; A7 = 7and Ag = 8
from Eq. 49; as well as 67 =2and 6’8 = 1 from Eq. 50.
They are listed in the n = 7 and n = 8 rows of Table 2.
This procedure is repeated by moving m from 0 to 9.
Thereby, we obtain the results summarized in Table 2.

4.2 Enumeration of bicentroidal 3D-trees
4.2.1 Formulation

In this subsection, we shall discuss the enumeration of
bicentroidal 3D-trees. Let B(x) be a generating function
for enumerating achiral bicentroidal promolecules plus
enantiomeric pairs of chiral bicentroidal promolecules
up to carbon content n, i.e.

n
B(x) = zgkxk (51)
k=0

Our target is to calculate B,, which satisfies the criterion
of bicentroidal 3D-trees. This can be accomplished by
using Theorem 6 of Part 3 [27] after the selection of the
CI-CF to be adopted. Because Eq. 16 for CI-CF(K, $,)
ignores the central edge only (cf. 4), the following func-
tional equation is obtained by changing the SIs (ay, cq4,
and by) of Eq. 16 into the generating functions (a(x?),
c¢(x?), and b(x%)):
> 1 2 2 2 2
B(x) = 1 (b(x) +b(x7) +a(x)” +c(x )) . (52)

Let E(x) be a generating function for enumerating
achiral bicentroidal promolecules plus chiral bicentroi-

dal promolecules up to carbon content n, where two
enantiomers of each pair are counted separately:

E(x) =) Ex* (53)
k=0

By employing CI-CF(Kj, b,) of Eq. 17 in Theorem 6 of

Part 3[27], the following functional equation is obtained:

~ 1

E@ =5 (b@?+b()). (54)
2

Let A(x) be a generating function for enumerating

achiral bicentroidal promolecules up to carbon content
n,i.e.,

n
Ax) =D Axt (55)
k=0
By applying Theorem 6 of Part 3 [27] to CI-CF4 (K, $)
of Eq. 18, the following functional equation is obtained:
A 1 2 2
Ax) = 3 (a(x) + c(x )) (56)
Let C(x) be a generating function for enumerating

chiral bicentroidal promolecules up to a carbon content
n, where each pair of enantiomers is counted just once:

n
Cx) = Z}ikxk (57)
k=0
Theorem 6 of Part 3 [27] is applied to CI-CF¢ (K, $4) of
Eq. 19 so as to give the following functional equation:

Clx) = % (b(x)2 + b(xz) —akx)?* - c(xz)) ) (58)

By examining the ligand inventories corresponding
to Egs. 21-23, the functions appearing in the right-hand
side of Eq. 52, 54, 56, or 58 are found to indicate that a(x)
is a generating function for enumerating achiral proli-
gands (cf. Eq. 21); c(x) is a generating function for enu-
merating ordered enantiomeric pairs called “diploids”
(cf. Eq. 22); and b(x) is a generating function for enu-
merating achiral proligands and chiral proligands, where
two enantiomers of each pair are counted separately (cf.
eq. 23). Because the criterion of deciding bicentroidal
3D-trees requires the relation m = %n, we presume the
following generating functions each composed of a sin-
gle term:

a(x) = ozn/zx”/2 (59)
c(x) = yux"? (60)
b(x) = Bujppx"'?, (61)

where the subscript n of y,, is selected to be twice of a2
and B,,2. Note that these ligand inventories are used on
condition that # is tentatively fixed. Because these gen-
erating functions are composed of a single term, they
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Table 2 The numbers of

centroidal 3D-trees or

centroidal alkanes " m Bn En An Cn

1 0 1 1 1 0

2 0 0 0 0 0

3 1 1 1 1 0

4 1 1 1 1 0

5 2 3 3 3 0
The numbers of centroidal 6 2 2 2 2 0
3D-trees are obtained under 7 3 9 11 7 2
several conditions, i.e., En: 8 3 8 9 7 1
achiral and chiral centroidal 9 4 38 55 21 17
3D-trees, where a pair of 10 4 46 70 22 24
enantiomers is counted just 1 5 203 345 61 142
once; E,: achiral and chiral 12 5 283 494 72 211
centroidal 3D-trees, where 13 6 1,299 2,412 186 1,113
two enantiomers of each pair 14 6 2,004 3,788 220 1,784
are counted separately; A ,: 15 7 9,347 18,127 567 8,780
achiral centroidal 3D-trees; 16 7 15,758 30,799 17 15,041
C,: chiral centroidal 3D-trees, 17 8 72,505 143,255 1,755 70,750
where each pair of 18 8 129,281 256,353 2,209 127,072
enantiomers is counted just 19 9 589,612 1,173,770 5,454 584,158
once 20 9 1,098,656 2,190,163 7.149 1,091,507

are introduced into Egs. 52, 54, 56, and 58 to give the
following equations:

B(x) = Bpx" = }1(,8,21/2 + Bup + oy + va) X" (62)
E(x) = Exx" = %(ﬁn/z + Bny2)x (63)
Ax) = Apx" = %(‘Xn/z + yn)x (64)
Cx) = Cux" = %(/32/2 +Bup—app — )X, (65)

where the last term x" of Egs. 52, 54, 56, or 58 remains
to give each coefficient, i.e. B,,, En, An, or C Note that
these generating functions should be used on condition
that n is tentatively fixed as the 7 in the ligand invento-
ries (Egs. 59-61) is fixed. Once the generating functions
for proligands (Egs. 59-61) are evaluated, Eqgs. 62-65
are easily obtained.

4.2.2 Calculation

As shown in the preceding formulation, the same gen-
erating functions for proligands (Eqs. 59-61) are effec-
tive to evaluate B(x) (Eq. 62) E(x) (Eq. 63), A(x) (Eq.
64), and C(x) (Eq. 65) for centroidal 3D-trees. Thus, the
coefficients derived by using Egs. 59-61 are introduced
into Eqs. 62-62 to give En, En, Zn, and E’n.
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Alternatively, the following equations are derived
from Eqs. 41-43:

a()c)2 =1 b 10200 1328 1 52,10 4 82,12 4 142,14

1232516 4 412,18 | 692,20 4 ... (66)
c(x?) = 122 4 2% +260 4 58 4 11210 4 28012 1 741

+199x10 4+ 551x18 4 155320 4 ... (67)
b)? = 1402 +x* + 220 4 52,8 1 112410 4 282412 4 742,14

+199%x10 4+ 551218 415532420 ... (68)
b(x?) = 1+ 2% +x* 4+ 200 4568 + 11010 4 28212 4 74414

+199x10 4+ 551x18 4 1553x%0 4 ... (69)

which are introduced into Eqs. 52, 54, 56, and 58.
Thereby, the coefficient of each x* (k = 1,2,. yee)
represents a respective number to be obtalned ie., Bk,
Ek, Ak, or Ck The values obtained up to carbon content
20 are collected in Table 3.

4.3 Total features of enumeration of 3D-trees

From the mathematical point of view, the classification
into centroidal and bicentroidal 3D-trees is essential to
the present combinatorial enumeration. The classifica-
tion, however, is not easily ascribed to a distinct chemical
meaning so that the total number of 3D-trees of each
carbon content # is convenient for further discussions
from the chemical point of view, as shown in Table 4. The
partial numerical values obtained by Robinson
et al. [14] by using an alternative method agree with
those of Table 4 except several values.
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Table 3 The numbers of bicentroidal 3D-trees or bicentroidal
alkanes

n B, E, Ay C,
2 1 1 1 0
4 1 1 1 0
6 3 3 3 0
8 11 15 7 4
10 42 66 18 24
12 226 406 46 180
14 1,455 2,775 135 1,320
16 10,132 19,900 364 9,768
18 76,596 152,076 1,116 75,480
20 604,919 1,206,681 3,157 601,762

The numbers of bicentroidal 3D-trees are obtained under several
conditions, i.e., By: achiral and chiral bicentroidal 3D-trees, where
a pair of enantiomers is counted just once; E,: achiral and chi-
ral bicentroidal 3D-trees, where two enantiomers of each pair are
counted separately; A,: achiral bicentroidal 3D-trees; C,,: chiral
bicentroidal 3D-trees, where each pair of enantiomers is counted
just once

Table 4 The numbers of 3D-trees or alkanes

n §n+Bn En+En Zn + Ay Ci+Cy
1 1 1 1 0
2 1 1 1 0
3 1 1 1 0
4 2 2 2 0
5 3 3 3 0
6 5 5 5 0
7 9 11 7 2
8 19 24 14 5
9 38 55 21 17
10 88 136 40 48
11 203 345 61 142
12 509 900 118 391
13 1,299 2,412 186 1,113
14 3,459 6,563 355 3,104
15 9,347 18,127 567 8,780
16 25,890 50,699 1,081 24,809
17 72,505 143,255 1,755 70,750
18 205,877 408,429 3,325 202,552
19 589,612 1,173,770 5,454 584,158
20 1,703,575 3,396,844 10,306 1,693,269

The numbers of 3D-trees are obtained under several conditions.
See Tables 2 and 3. B, + B,: achiral and cl}iral 3D-trees, where
a pair of enantiomers is counted just once; E, + E,: achiral and
chiral 3D-trees, where two enantiomers of each pair are counted
separately; A,, + An achiral 3D-trees; C,, + Cn chiral 3D-trees,
where each pair of enantiomers is counted just once

To illustrate the difference between centroidal 3D-
trees and bicentroidal ones, let us examine the n = 8
rows of Tables 2, 3, 4. Among 19 of 3D-trees (Eg +
Bg = 19 in Table 4), 8 centroidal 3D-trees (Bg = 8
in Table 2) are depicted in Fig. 5, where they are cat-
egorized into 7 achiral 3D-trees (48-54) and 1 chlral
one (55) according to the values Ag = 7 and Cg =
in Table 2. The 3D-trees are depicted as alkanes w1th

(achiral 3D-trees or alkanes of centroidal types)

c A€
c C\C/é\c/ e N é\c/ €
48 49
c c
c” J:\é/é\c ol C\c/\(*'/\c/ ¢
¢
50 51
C/‘l:\é/c\c C/&\é/c\c
2N L
52 53
C/C\é/c\c
/\
C SN
54

(chiral 3D-trees or alkanes of centroidal types)

C/é\é/c\c/c
i
C

55

Fig. 5 Stereoisomers for centroidal 3D-trees or alkanes of car-
bon content 8. A wedged edge is used to represent the necessity of
showing the configuration of the carbon node, as found in the chi-
ral 3D-tree or alkane (55). The stereoisomer with S-configuration
(55) is depicted as a representative. The other stereoisomers with-
out wedges are achiral, i.e., 48-54. Each carbon with an asterisk is
a centroid

carbon content 8 (i.e., CgH1g), where hydrogens at every
endpoint are omitted for the sake of simplicity. Follow-
ing chemical conventions, the configuration of the chi-
ral 3D-tree (55) is expressed by a wedge. Each pair of
enantiomeric stereoisomers (3D-trees) is counted just
once in the present enumeration, so that an appropriate
enantiomer (e.g., 55) for the pair of enantiomeric ste-
reoisomers is depicted as a representative. An asterisk
is attached to the centroid of each 3D-tree.

In the present enumeration, the centroidal 3D-trees
are ascribed to promolecules of respective types shown
in Fig. 3. For example, the achiral 3D-trees 48-54 are
ascribed to promolecules of the type 14 shown in Fig. 3.
The promolecule 14 belongs to Cs-symmetry, where four
proligands X, YZ are selected from achiral alkyl ligands
(or hydrogens), e.g., X =-CH;CH;CHj3, Y =-CH3, and
Z = H for 48. On the other hand, the chiral 3D-tree
55 is ascribed to a promolecule of the type 22, which
belongs to Ci-symmetry (i.e., asymmetric configura-
tion). The four proligands XYZH of 22 with respect to
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(achiral 3D-trees or alkanes of bicentroidal types)

c
PN N .
56 57

c cc
C/é\é/g\c/c C/X_/\E/C
¢ &3
58 59
c cc
S c” 4:\C/\/\C
&d
60 61
¢
N
¢
62 (meso)

(chiral 3D-trees or alkanes of bicentroidal types)

c
e C\E/(}'\c/ ¢ NN N
¢ ¢
63 64
c ¢ cc
c &\é/{:\c/ ¢ c/\*’/\r}/c\c
¢
65 66

Fig. 6 Stereoisomers for bicentroidal 3D-trees or alkanes of car-
bon content 8. The seven stereoisomers in the upper part are
achiral, while the four stereoisomers in the lower part are chiral.
Wedged edges and hashed edges are used to represent the neces-
sity of showing the configuration of the carbon node, whether the
3D-tree or alkane atissue is achiral or chiral. An appropriate enan-
tiomer of each enantiomeric pair is depicted as a representative.
Each pair of adjacent asterisks represents a bicentroid

55 are selected from achiral alkyl ligands (or hydrogens),
i.e., X=-CH;CH,CHj3,X =-CH(CH3), Y =—CH3s, and
Z =H.

As examples of bicentroidal 3D-trees, 11 bicentroi-
dal 3D-trees (Bg = 11 in Table 3) are depicted in Fig. 6
among 19 of 3D-trees (Bg + Bg = 19 in Table 4). They
are categorized into 7 achiral 3D-trees (56-62) and 4
enantiomeric pairs of chiral ones (63-66) in agreement
with the values Ag =7 and Eg = 4 in Table 3. Follow-
ing chemical conventions, the configuration of a carbon
point to be specified is expressed by a wedge and/or a
hashed line. A pair of asterisks is attached to the cen-
troid of each 3D-tree.

Bicentroidal 3D-trees are ascribed to promolecules
of respective types shown in Fig. 4. The achiral
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3D-trees 56, 58, and 59 are ascribed to promolecules of
the type 42 shown in Fig. 4. The promolecule 42 belongs
to K-symmetry (K = Dy, /Co), where two proligands
X, are selected from achiral alkyl ligands (or hydro-
gens), e.g., X = -CH,CH,CH3 for 56.

The achiral 3D-trees 57, 60, and 61 are ascribed to a
promolecule of the type 43, where we place two achiral
ligands of different types, e.g., X = -CH,CH,;CH,CH3
and Y = -CH,CH(CH3); for 57, according to the K3-
symmetry (K3 = Cyy/Cxo)-

The achiral 3D-tree 62 is ascribed to a promolecule of
the type 46, in which the two proligands are represented
as p = -S-CH(CH3)CH;CH3 and p = —-R-CH(CH3)
CH,CH3 so as to exhibit meso-character.

The chiral 3D-tree 63 is ascribed to a promolecule of
the type 45, in which the two proligands are represented
as p = -S-CH(CH3)CH;CH3 (or p = —R-CH(CH3)
CH,CH3) so as to exhibit Ky-symmetry (K =D, /Coo).

The chiral 3D-trees 64-66 are ascribed to a promol-
ecule of the type 44, where we place X = -CH,CH»
CH,CH3 and Y = -CH(CH3)CH;,CHj3 for 64, and so on
in agreement with the K;-symmetry (K; = C/Cwo)-

5 Comparison with earlier accomplishments

The present paper is devoted to enumerate alkanes as
3D-structures, not as graphs. Henze and Blair [11] ob-
tained the number of alkanes of a given carbon con-
tent where the alkane were regarded as graphs, not as
3D-objects. Pélya [12,13] applied his main theorem
(Hauptsatz) to the evaluation of the number of trees
as graphs, which were mathematical counterparts of
alkanes.

According to Pélya (Eq. 2.50 of Sect. 51 [12,13]), the
number of centroidal trees or alkanes as graphs was
evaluated by the following functional equation:

r(x) = 2x_4 (st + 3s(x2)2 + 8s(x)s(x°)
+ 65(x)%s(x?) + 6s(x*)), (70)

which can be derived by using the products of dummy
variables (PDVs) collected in Table 1. Obviously, Eq.
70 is a special case of Eq. 29 in which we place s(x?) =
a(x?) = b(x?) = c(x9) in the right-hand side. The results
based on Eq. 70 were identical with those of Henze and
Blair [11,30].

Robinson et al. [14] reported the enumeration of 3D-
trees by using the dissimilarity characteristic equation
of Otter [31]. Their treatment, however, did not take
explicit account of the concept of sphericity. For exam-
ple, they used the following equation:
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% (s(x)4 + 3s(x2)2 + 8s(x)s(x3)
+ 6a(x)%s(x%) + 6s(x*)) (71)

even in the case where Eq. 29 would be required if
the concept of sphericity was taken into consideration.
Obviously, Eq. 71 is a special case of Eq. 29 in which
we place s(x?) = b(x?) = c(x?), so that b(x?) and c(x?)
are mixed up. The mixing-up of b(x4) with ¢(x) indi-
cates that the two modes of transitivity ascribed to ¢(x9)
(e.g., p/p and p/p for d = 2) were replaced by other two
modes of transitivity ascribed to b(x?) (e.g., p/p and p/p
for d = 2). The usage of Eq. 71 fortunately resulted
in the same results as the present ones using Eq. 29,
because the molecular formulas of p and p are equal by
considering their carbon contents only.

6 Conclusions

Three-dimensional (3D) trees, which are defined as a
3D extension of trees, are enumerated by Fujita’s proli-
gand method formulated in Part 1 to Part 3 of this series
[25-27]. Such 3D-trees are classified into centroidal and
bicentroidal 3D-trees, which correspond to respective
promolecules having proligands as substituents. Cycle
indices with chirality fittingness (CI-CFs) are formu-
lated to enumerate centroidal and bicentroidal 3D-trees,
where they are composed of three kinds of spheric-
ity indices (SIs), i.e., a4 for homospheric cycles, ¢, for
enantiospheric cycles, and b, for hemispheric cycles, in
order to obtain itemized results with respect to chiral
and achiral 3D-trees. The CI-CFs are applied to derive
functional equations (a(x), ¢(x?), and b(x)), into which
the generating functions of planted 3D-trees are intro-
duced. Thereby, the numbers of 3D-trees or equivalently
those of alkanes as stereoisomers are calculated and col-
lected up to carbon content 20 in a tabular form.
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